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Let p be an odd prime number.

By p-adic field we mean any finite extension of Qp.

Notation
Let F be a p-adic field.

OF is the ring of integers of F .
vF is the valuation of F .
πF is a uniformizer of F .
pF is the prime ideal of OF .
F is the residue field of F .
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L/K extension of p-adic fields.

πKOL = p
e(L/K )
L , e(L/K ) is the ramification index.

Fact: e(L/K ) | [L : K ].

L/K is ramified (resp. totally ramified) if e(L/K ) > 1
(resp. e(L/K ) = [L : K ]).

Assume that L/K is Galois with group G.

Gi := {σ ∈ G | vL(σ(α)− α) ≥ i + 1 for all α ∈ OL}, i ≥ 0.

Gi i-th ramification group.

Chain of ramification groups for L/K :
G−1 := G ⊇ G0 ⊇ G1 ⊇ · · · ⊇ {1}.

Ramification jump: t ∈ Z≥1, Gt ̸= Gt+1.
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Let L/K be a degree p extension of p-adic fields, p odd prime.

Let L̃ be the normal closure of L/K and let G = Gal(L̃/K ).

1st remark: L/K is Hopf-Galois.

K finite =⇒ G solvable =⇒ L/K Hopf-Galois.

2nd remark: L/K admits a unique Hopf-Galois structure H.

It follows from Byott’s uniqueness theorem (p is Burnside).

Problem
Let L/K be a degree p extension of p-adic fields and write AL/K
for the associated order in H. Find a necessary and sufficient
condition for OL being AL/K -free.

Recall that

AL/K = {h ∈ H |h · OL ⊂ OL}.
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Let r = [L̃ : L]. Then G ∼= Cp ⋊ Cr and r | p − 1.

Standard result: If L/K is unramified, then OL is AL/K -free. This
only might happen when L/K is Galois.

Assume that L/K is (totally) ramified. Then G1 ∼= Cp.

The chain of ramification groups of L̃/K is

G−1 := G ⊇ G0 ⊇ G1 = · · · = Gt ⊋ {1}

We see that there is a unique ramification jump t , which

satisfies
1 ≤ t ≤ rpe

p − 1
,

where e := e(K/Qp).

It is known that p | t if and only if t = rpe
p−1 .
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F. Bertrandias, J. P. Bertrandias, M. J. Ferton (1972):
Complete characterization when L/K is Galois.

Theorem
Let L/K be a totally ramified Galois degree p extension of
p-adic fields. Let t be the ramification jump of L/K and
a = rem(t ,p).

1 If a = 0, OL is AL/K -free.
2 If a | p − 1, OL is AL/K -free. Moreover, if t < pe

p−1 − 1, the
converse holds.

3 If t ≥ pe
p−1 − 1, then OL is AL/K -free if and only if the length

of the continued fraction expansion of t
p is at most 4.

Daniel Gil Muñoz The ring of integers of degree p extensions of p-adic fields



F. Bertrandias, J. P. Bertrandias, M. J. Ferton (1972):
Complete characterization when L/K is Galois.

Theorem
Let L/K be a totally ramified Galois degree p extension of
p-adic fields. Let t be the ramification jump of L/K and
a = rem(t ,p).

1 If a = 0, OL is AL/K -free.
2 If a | p − 1, OL is AL/K -free. Moreover, if t < pe

p−1 − 1, the
converse holds.

3 If t ≥ pe
p−1 − 1, then OL is AL/K -free if and only if the length

of the continued fraction expansion of t
p is at most 4.
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Continued fraction expansion of t
p :

t
p
= [a0;a1, . . . ,an] = a0 +

1

a1 +
1

. . . +
1
an

.

The number n is called the length of the continued fraction
expansion.

Every rational number has a continued fraction expansion with
finite length.
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F. Bertrandias, M. J. Ferton (1972).
Sketch of proof of the first two statements.

F. Bertrandias, J. P. Bertrandias, M. J. Ferton (1972).
Sketch of proof of the third statement.

M. J. Ferton PhD dissertation (1972).
Detailed proof of the three statements.

N. P. Byott, L. Childs, G. Elder (2018).
Proof of the second statement (weaker version) using scaffolds.

I. Del Corso, F. Ferri, D. Lombardo (2022).
Proof of the first two statements using the notion of minimal
index.
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G. (2023): Complete characterization when L/K has normal
closure L̃ dihedral of degree 2p.

If e(L̃/K ) = p, the criteria are the same as in the Galois case.
Otherwise, L̃/K is totally ramified.

Theorem
Let L/K be a degree p extension of p-adic fields with totally
ramified dihedral degree 2p normal closure L̃. Let t be the
ramification jump of L̃/K and let a = rem(ℓ := t+p

2 ,p).
1 If a = 0, OL is AL/K -free.
2 If a | p − 1, OL is AL/K -free. Moreover, if t < 2pe

p−1 − 2, the
converse holds.

3 If t ≥ 2pe
p−1 − 2, then OL is AL/K -free if and only if the length

of the continued fraction expansion of ℓ
p is at most 4.
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Daniel Gil Muñoz The ring of integers of degree p extensions of p-adic fields



G. (2023): Complete characterization when L/K has normal
closure L̃ dihedral of degree 2p.

If e(L̃/K ) = p, the criteria are the same as in the Galois case.
Otherwise, L̃/K is totally ramified.

Theorem
Let L/K be a degree p extension of p-adic fields with totally
ramified dihedral degree 2p normal closure L̃. Let t be the
ramification jump of L̃/K and let a = rem(ℓ := t+p

2 ,p).
1 If a = 0, OL is AL/K -free.
2 If a | p − 1, OL is AL/K -free. Moreover, if t < 2pe

p−1 − 2, the
converse holds.

3 If t ≥ 2pe
p−1 − 2, then OL is AL/K -free if and only if the length

of the continued fraction expansion of ℓ
p is at most 4.
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G. (2024): Complete characterization for the general case.

Theorem
Let L/K be a degree p extension of p-adic fields with totally
ramified normal closure L̃. Let r = [L̃ : L], t be the ramification
jump of L̃/K , let c = rem(t , r) and let a = rem(ℓ := t+pc(r−1)

r ,p).
1 If a = 0, OL is AL/K -free.
2 If a | p − 1, OL is AL/K -free. Moreover, if t < rpe

p−1 − r , the
converse holds.

3 If t ≥ rpe
p−1 − r , then OL is AL/K -free if and only if the length

of the continued fraction expansion of ℓ
p is at most 4.

Why ℓ ∈ Z?
What if L̃/K is not totally ramified?
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Why ℓ ∈ Z?

Since c = rem(t , r), t ≡ c (mod r).

In addition, r | p − 1 =⇒ p ≡ 1 (mod r).

Thus,
t + pc(r − 1) ≡ c − c = 0 (mod r).

Hence, ℓ ∈ Z.
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What if L̃/K is not totally ramified?

L̃

L

H

K

Let L′ (resp. K ′) be the inertia field of L̃/L (resp.
L̃/K ) and let H ′ = K ′ ⊗K H.

Proposition

L′/K ′ is a degree p extension of p-adic fields with
totally ramified normal closure and OL is AL/K -free
if and only if OL′ is AL′/K ′-free.

Then, we may assume without loss of generality that L̃/K is
totally ramified.
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Daniel Gil Muñoz The ring of integers of degree p extensions of p-adic fields



Table of contents

1 Preliminaries

2 Problem and main result

3 Schema of proof
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We recall the main result.

Theorem
Let L/K be a degree p extension of p-adic fields with totally
ramified normal closure L̃. Let r = [L̃ : L], t be the ramification
jump of L̃/K , let c = rem(t , r) and let a = rem(ℓ := t+pc(r−1)

r ,p).
1 If a = 0, OL is AL/K -free.
2 If a | p − 1, OL is AL/K -free. Moreover, if t < rpe

p−1 − r , the
converse holds.

3 If t ≥ rpe
p−1 − r , then OL is AL/K -free if and only if the length

of the continued fraction expansion of ℓ
p is at most 4.
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1. If a = 0, OL is AL/K -free.

This is the condition that p | ℓ = t+pc(r−1)
r , so p | t and

t = rpe
p−1 .

Let M be such that LM = L̃. By the Galois case, L̃ = M(γ)
for some γ ∈ OL̃ which is a p-th root of a uniformizer of M.

Now, L = K (α) for α = NL̃/L(γ), and this is a p-th root of a
uniformizer of K .

We prove that α is an eigenvector of the action of H, which
allows us to obtain an OK -basis of AH of primitive pairwise
orthogonal idempotents.

We use this basis to establish an isomorphism
φ : H −! K p of K -algebras such that φ(AL/K ) = Op

K .

Therefore, AL/K is the maximal OK -order in H =⇒
OL is AL/K -free.
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Daniel Gil Muñoz The ring of integers of degree p extensions of p-adic fields



1. If a = 0, OL is AL/K -free.

This is the condition that p | ℓ = t+pc(r−1)
r , so p | t and

t = rpe
p−1 .

Let M be such that LM = L̃. By the Galois case, L̃ = M(γ)
for some γ ∈ OL̃ which is a p-th root of a uniformizer of M.

Now, L = K (α) for α = NL̃/L(γ), and this is a p-th root of a
uniformizer of K .

We prove that α is an eigenvector of the action of H, which
allows us to obtain an OK -basis of AH of primitive pairwise
orthogonal idempotents.

We use this basis to establish an isomorphism
φ : H −! K p of K -algebras such that φ(AL/K ) = Op

K .

Therefore, AL/K is the maximal OK -order in H =⇒
OL is AL/K -free.
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Let us move on to the case a ̸= 0. Then 1 ≤ t < rpe
p−1 .

G. Elder; Ramified extensions of degree p and their
Hopf-Galois module structure J. Théor. Nr. Bordx. 1 (2018),
19-40.

Typical extensions: Separable totally ramified degree p
extensions of local fields that are not generated by a root of a
prime element.

Main theorem (particular case): The typical degree p
extensions of p-adic fields with totally ramified normal closure
are the ones defined by an equation

xp − α
p−1

r x − β = 0,

with vK (α) = c, vK (β) = −b, where b, c ∈ Z are such that
0 ≤ c < r , gcd(c, r) = 1 and 1 ≤ bc + pr ≤ rpe

p−1 .

Moreover, the ramification jump of L̃/K is t = br + pc.
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Daniel Gil Muñoz The ring of integers of degree p extensions of p-adic fields



Since p ∤ t , L/K is typical. Let xp − α
p−1

r x − β = 0 be its
defining equation.

We can give a description of the underlying Hopf algebra of H.

Theorem
Let L/K be a typical degree p extension of p-adic fields. The
only Hopf-Galois structure on L/K is H = K [w ], where

w = y r−1
( p−1∑

m=1

χ(m)−1σm
)
.

Moreover, wp = εpy (p−1)(r−1)w, ε ∈ O∗
K .

L̃ = L(y) with y r = α (by Elder’s result).

σ is an order p generator of G ∼= Cp ⋊ Cr .

χ : Z/pZ −! Zp is the p-adic Teichmuller character.
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The knowledge of w and the degree p polynomial it satisfies
allows us to have a good control on the action of H on L and,
especially, their valuations.

Proposition

Let L/K be a typical degree p extension of p-adic fields and let
H = K [w ] be its only Hopf-Galois structure. Call ℓ = pc(r−1)+t

r .
Given x ∈ L,

vL(w · x) ≥ ℓ+ vL(x),

with equality if and only if p ∤ vL(x).

In other words, w raises the valuations of elements at least ℓ,
and exactly ℓ if and only if such a valuation is not divisible by p.
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Given θ ∈ OL, define

Aθ = {h ∈ H |h · θ ∈ OL}.

AL/K ⊆ Aθ and Aθ is an AL/K -fractional ideal.

Proposition
The following statements are equivalent:

OL is AL/K -free.
AL/K = Aθ for some θ ∈ OL.
Aθ is a principal AL/K -fractional ideal for some (any)
θ ∈ OL.

Thanks to w , we can find OK -bases of AL/K and Aθ with θ = πa
L .
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Daniel Gil Muñoz The ring of integers of degree p extensions of p-adic fields



Given θ ∈ OL, define

Aθ = {h ∈ H |h · θ ∈ OL}.

AL/K ⊆ Aθ and Aθ is an AL/K -fractional ideal.

Proposition
The following statements are equivalent:

OL is AL/K -free.
AL/K = Aθ for some θ ∈ OL.
Aθ is a principal AL/K -fractional ideal for some (any)
θ ∈ OL.

Thanks to w , we can find OK -bases of AL/K and Aθ with θ = πa
L .
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2. If a | p − 1, OL is AL/K -free. Moreover, if t < rpe
p−1 − r , the

converse holds.

This is the scaffolds part.

Roughly speaking, a scaffold on L/K consists in families of
elements Ψi ∈ H and λj ∈ L such that the elements Ψi · λj have
a prescribed valuation depending on i and j up to a certain
precision c.

If the precision is high enough, we obtain conditions for
freeness.

Weak requirement ; Sufficient condition for freeness.
Strong requirement ; Necessary and sufficient condition
for freeness.
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Elder constructed a scaffold for L/K with precision

c =
p − 1

r

( rpe
p − 1

− t
)
.

Weak requirement: c ≥ a.
Strong requirement: c > a.
Condition: AL/K = Aθ, θ = πa

L (⇐⇒ a | p − 1).

Let a0 be the integer part of ℓ
p and denote

νp−1 = a + (p − 1)a0.

We can rewrite

c = p
(

e +
p − 1

r
(r − 1)c − νp−1

)
+ a.
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We can rewrite

c = p
(

e +
p − 1

r
(r − 1)c − νp−1

)
+ a.

Then the weak requirement c ≥ a is always met, so
a | p − 1 =⇒ OL is AL/K -free.

On the other hand, c > a holds if and only if
e + p−1

r (r − 1)c − νp−1 > 0.

This is equivalent to t < rpe
p−1 − r .

Therefore, when t < rpe
p−1 − r , OL is AL/K -free if and only if

a | p − 1.
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3. If t ≥ rpe
p−1 − r , then OL is AL/K -free if and only if the length

of the continued fraction expansion of ℓ
p is at most 4.

This is the continued fractions part.

For each α ∈ Aθ consider the map

ψα : AL/K −! Aθ

λ 7−! λα

Let M(α) be the matrix of ψα with respect to the known bases
of AL/K and Aθ.

Then Aθ is AL/K -principal if and only if det(M(α)) ̸≡ 0 (mod pK )
for some α ∈ Aθ.
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We describe the entries of M(α) with the help of the set

E =
{

h ∈ Z |1 ≤ h < p, 1 ≤ h′ < h =⇒ ĥ′ a
p
> ĥ

a
p

}
,

which is parametrized in terms of the continued fraction
expansion of ℓ

p .

Let n be the length of the continued fraction expansion of ℓ
p .

If n ≤ 2, then a | p − 1 and we already know that OL is
AL/K -free.

If n ∈ {3,4}, we construct an α for which
det(M(α)) ̸≡ 0 (mod pK ), so OL is AL/K -free.

If n ≥ 5, we prove that det(M(α)) ≡ 0 (mod pK ) for all
α ∈ Aθ, so OL is not AL/K -free.
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An interesting consequence

Proposition
If G ∼= Cp or Dp and e = 1, then OL is AL/K -free.

This does not necessarily hold in the general case.

Example

Let L/K be a typical degree p extension with p = 13, e = 1,
r = 12 and t = 5. Then c = 5 and ℓ = 60. Now,

ℓ

p
=

60
13

= [4;1,1,1,1,2].

Then n = 5 and OL is not AL/K -free.
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