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Overview

Joint work with Isabel Martin-Lyons

Aim

Generalize the definition of skew braces to give objects corresponding to

Hopf-Galois structures on separable, but non-normal, extensions.

A route for constructing a skew brace from a Hopf-Galois structure on

a Galois extension.

Generalizing to skew bracoids

Characterizations and γ-functions

Ideals and quotients

Hopf-Galois structures and the Hopf-Galois correspondence
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Greither-Pareigis theory for non-normal extensions

Let L/K be a separable extension of fields with

Galois closure E .

Write G = Gal(E/K ) and GL = Gal(E/L).

Let X = G/GL and define λ : G → Perm(X ) by

λ(g)[h] = gh.

Then G acts on Perm(X ) by conjugation via λ.

There is a bijection between G -stable regular

subgroups of Perm(X ) and Hopf-Galois

structures on L/K .

E

G

GL

L

K
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The S-T route from a HGS to a skew brace

Let L/K be a Galois extension with Galois group G = (G , ·).

Suppose that N is a regular G -stable subgroup of Perm(G ).

The map N → G defined by η 7→ η[eG ] is a bijection.

Transport the structure of Nopp to G via

η[eG ] ? µ[eG ] = (µη)[eG ].

Then (G , ?) is a group isomorphic to N and

g · (h1 ? h2) = (g · h1) ? g−1 ? (g · h2),

so (G , ?, ·) is a skew brace.
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Mimicking the route in the non-normal case

Now let L/K be separable, but non-normal, with Galois closure E .

Suppose that N is a regular G -stable subgroup of Perm(X ).

The map N → X defined by η 7→ η[eG ] is a bijection.

Transport the structure of Nopp to X via

η[eG ] ? µ[eG ] = (µη)[eG ].

Then (X , ?) is a group isomorphic to N and

g � (x1 ? x2) = (g � x1) ? g−1 ? (g � x2),

where � denotes left translation of cosets.
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Skew bracoids

Definition

A skew bracoid is a 5-tuple (G , ·,N, ?,�) where (G , ·) and (N, ?) are

groups and � is a transitive action of (G , ·) on N such that

g � (η ? µ) = (g � η) ? (g � eN)−1 ? (g � µ) (∗)

for all g ∈ G and η, µ ∈ N.

Where possible, we write simply (G ,N,�), or even (G ,N).

For now, we always assume G ,N are finite. Then |G | = |S ||N|, where

S = StabG (eN).

Every skew brace is a skew bracoid, with � and · coinciding.

If |N| = |G | then (G ,N) is essentially a skew brace.
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An example

Example

Let (G , ?, ·) be a skew brace and let H be a strong left ideal.

H is a normal subgroup of (G , ?), so (G/H, ?) is a group.

H is a subgroup of (G , ·), so (G , ·) acts by left translation on the

coset space G/H. Write � for this action.

Then (G , ·,G/H, ?,�) is a skew bracoid.

Question

Does every skew bracoid occur in this way?
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Some characterizations

Proposition

Let (G , ·) and (N, ?) be groups, let � be a transitive action of G on N,

and let

λ� : G → Perm(N)

be the corresponding permutation representation. Then (G ,N) is a skew

bracoid if and only if λ�(G ) ⊆ Hol(N).

Definition

A skew bracoid (G ,N) is called reduced if λ� : G → Hol(N) is injective.

Proposition

Let (N, ?) be a group. There is a bijective correspondence between

transitive subgroups G of Hol(N) and reduced skew bracoids (G ,N).
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Equivalence

Definition

Two skew bracoids (G ,N) and (G ′,N ′) are called equivalent if N = N ′

and λ�(G ) = λ�′(G ′) ⊆ Hol(N).

Proposition

Let (G ,N) be a skew bracoid.

Let G = G/ ker(λ�). Then (G ,N) is a reduced skew bracoid, which

will be called the reduced form of (G ,N).

Every skew bracoid is equivalent to its reduced form.
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γ-functions

Proposition

Let (G ,N) be a skew bracoid. Define γ : G → Perm(N) by

γ(g)η = (g � eN)−1 ? (g � η) for all g ∈ G and η ∈ N.

Then

γ is a group homomorphism;

γ(G ) ⊆ Aut(N).

Caranti uses γ : G → Perm(G ) to characterize regular subgroups of

Hol(G ), and hence skew braces. This approach does not seem to

work well for transitive subgroups and skew bracoids.

But see Stefanelli: affine structures etc.
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Substructures

Definition

A sub skew bracoid of a skew bracoid (G ,N) consists of a subgroup H of

G and a subgroup M of N such that (H,M) is a skew bracoid.

It is possible for (G ,N) to be reduced but for (H,M) to not be so.

Definition

A left ideal of a skew bracoid (G ,N) is a subgroup M of N such that
γ(g)M = M for all g ∈ G . An ideal is a left ideal M that is normal in N.

Proposition

If M is an ideal of (G ,N) then (G ,N/M) is a skew bracoid.
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Ideals

Proposition

Let M be a left ideal of (G ,N), and let

GM = {g ∈ G | g � µ ∈ M for all µ ∈ M}.

Then (GM ,M) is a sub skew bracoid of (G ,N).

Proof.

It is clear that GM is a subgroup of G .

Let G
(e)
M = {g ∈ G | g � eN ∈ M}.

For all g ∈ G and µ ∈ M we have

γ(g)µ = (g � eN)−1 ? (g � µ) ∈ M.

Hence G
(e)
M = GM , so GM is transitive on M.
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Back to Hopf-Galois structures

If L/K is a Galois extension with Galois group (G , ·), Stefanello and

Trappeniers show that there is a bijection between

binary operations ? on G such that (G , ?, ·) is a skew brace;

Hopf-Galois structures on L/K ,

and also that the Hopf-Galois structure corresponding to (G , ?, ·) is given

by L[G , ?]γ(G), acting via∑
g∈G

cgg

 [t] =
∑
g∈G

cgg [t].
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Back to Hopf-Galois structures

Theorem

Let E/K be a Galois extension with Galois

group G , let S ≤ G . There is a bijection

between

binary operations ? on X = G/S such that

(G , ·,X , ?,�) is a skew bracoid;

Hopf-Galois structures on ES/K .

Proof.

We have already seen how to get from HGS on

ES/K to skew bracoid (G , ·,X , ?,�).

E

G

S

ES

K

Paul Truman Skew bracoids 14 / 20



Back to Hopf-Galois structures

Proof continued...

Conversely, given a skew bracoid of the form (G , ·,X , ?,�), consider

ρ? : X → Perm(X ) defined by ρ?(x)[y ] = y ? x−1.

Then ρ?(X ) is a regular subgroup of Perm(X ), and

λ�(g)ρ?(x)λ�(g−1)[y ] = g � ((g−1 � y) ? x−1)

= y ? (g � e)−1 ? (g � x−1)

= y ? ((g � e)−1 ? (g � x)−1

= ρ?((g � e)−1 ? (g � x))[y ]

= ρ?

(
γ(g)x

)
[y ]

So ρ?(X ) is G -stable, and therefore corresponds to a HGS on ES/K .
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Hopf algebras and subalgebras

If L/K is a Galois extension with Galois group (G , ·) and (G , ?, ·) is a skew

brace, Stefanello and Trappeniers show that

The intermediate fields realized by the HGS L[G , ?]γ(G) correspond

with sub Hopf algebras, which correspond with left ideals of (G , ?, ·).

If (G ′, ?, ·) is a left ideal of (G , ?, ·) then L(G
′,?) = L(G

′,·).

We obtain a quotient HGS on LG
′
/K if and only if (G ′, ?, ·) is a strong

left ideal, and a quotient skew brace if and only if (G ′, ?, ·) is an ideal.
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Hopf algebras and subalgebras

Now let E/K be Galois with group G , let S ≤ G , let L = ES , and let

(G , ·,X , ?,�) be a skew bracoid

Theorem

The corresponding Hopf-Galois structure on ES/K is given by

E [X , ?]γ(G), acting via(∑
x∈X

cxx

)
[t] =

∑
x∈X

cxx [t].

continued...
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Hopf algebras and subalgebras

Theorem ( continued...)

The intermediate fields realized by the HGS correspond with left

ideals of (G , ·,X , ?,�).

The left ideals have the form X ′ = G ′/S for certain G ′ ≤ G , and

L(X
′,?) = E (G ′,·).

We obtain a quotient HGS on LG
′
/K and a quotient skew bracoid if

and only if X ′ is an ideal.

Of course, the extension LG
′
/K is Galois if and only if G ′ is normal in

G .
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The natural question

Question

Do skew bracoids have anything to do with the Yang-Baxter equation?

I’m working on it!
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Thank you for your attention.
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