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Drinfeld Twists

Let H be a Hopf algebra.

[Maj00, Ex 2.3.1]
A 2-cocycle of H is an invertible element J € H®? such that

= (10N)(10A))=Jo1)(A®1)J.

J is counital if

(e®id)J = (id®e)d =1.

Definition 2
A counital 2-cocycle J of a Hopf algebra H is called a Drinfeld twist.
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Twisting Hopf algebras

Proposition 1

[Maj00, Thm 2.3.4]
Let H be a Hopf algebra with a Drinfeld twist J. Define H? with the same
algebra structure and counit as H, and coproduct and antipode as follows;

Ay(h) = J(A(h)I7H, Sy(h) = U(S(h)U™,

where U = XJ*(S(J?)) is invertible.
Then H? is a Hopf algebra.
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Twisting Hopf module algebras

Proposition 2

[Maj00, Pn 2.3.8]
Let H be a Hopf algebra with a Drinfeld twist J. Let (A, -) be a H-module
algebra. Define a product -j : AX A — A on the set A by

ayb=-(J'>(a®b))

for all a, b € A.
Then (A, -, 14) is a new associative algebra which we label A}.

Proposition 3

[Maj00, Pn 2.3.8]
If H is a Hopf algebra with Drinfeld twist J and A is a H-module algebra,
then the twisted algebra A’ is also H/-module algebra.
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Quasitriangular Structure

Definition 3
A quasitriangular structure of H is an invertible element R € H ® H s.t.

(A®1)R = Ri3R23, (1® A)R = Ri3R12,
ToAh=R(ANR™ L, VheH,

where Rj; € H®3 is R in the ith and jth factors and T is the flip map
defined on two vector spaces A, BasT: A®B > B® A a®br— b® a.
A commutative quasitriangular Hopf algebra is necessarily cocommutative.

‘R is a Drinfeld Twist.
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Twisting a biquadratic extension |

Let a, b € Z be such that a, b > 1 are distinct squarefree integers.
Then Q(v/a, vb)/Q is Galois with Galois group

G=Vi=(o,1|0*=1°=1,07 = 10)
where o permutes y/a and —/a, T permutes /b and —/b.

G = V4 is the smallest group for which there exists a cohomologically
non-trivial QT structure on QG, given by the QT structure

1
R = 5(e®e+a®e+e®r—a®r).
QV, is commutative so QV,® = QV,4. We construct a new Q V4-module

algebra (Q(+/a, V/b), ). By definition, cxd = -(R™ ' (c ® d)).
By a standard result R™! = (S ® id)R. In this case, R is self inverse.
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Twisting a biquadratic extension |l

Vaxya=-(R'v>(vVa® a)
= (Jle@etometent—0oT)(Va®Va)

= ((Va®Va- Va8 3+ VA VatVa® Va) = a

Similar computations give,

Vaxva=a VbxVb=b, faxvVb=—Vab, Vbxy/a=+ab.
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Quaternion Algebras |

[Voi23] An algebra B over F is a quaternion algebra if there exist i,j € B
such that 1,1/, , ij is an F-basis for B and

i’?=aj?>=b, and ji = ij

for some a, b € F*. We write B = ("—Fb)

Returning to our previous example, define a map of algebras

T QavE - (%),

T(Va) =i, T(Vb) =, T(Vab) = k

Nafeesa Khalil (University of Manchester) Twisting Biquadratic Extensions August 4, 2023



Quaternion Algebras Il

Then (Q(v/a, V'b), x) = ( ) ) so it is either a division algebra or the

matrix algebra M(Q).
A quaternion algebra is a division algebra iff N(q) # 0,
YO0 7é g = A1+ Aoi + Asj + Agk.

Let b be odd and suppose that the Jacobi symbol (%) =—1.
We show that <%’) is a division algebra.

Suppose 3 a rational, non-trivial solution to A2 — A3a — A3b+ A2ab =0
given by (a, B,,0) where a, B, 7,6 € Q not all zero. Then 3 an integer
solution (k, |, m, n), not all zero such that the non zero elements are
coprime.
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Quaternion Algebras IlI

Since (%) = —1, 3 a prime p dividing b such that a is a quadratic
non-residue mod p. Let b = pb’ where p 1 b" and consider

k?> —al®> — bm® + abn®> =0
= k’=al’> modp
= k,/=0 modp

= k’—al>=0 mod p?

= pb'm? + apb'n® = mod p?
= bm?+ab'n® = mod p
= mn=0 mod p.

This contradicts the assumption that the solution is coprime. Thus (%’)
is a division algebra.
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H-Galois extension of fields

Definition 6

[Chi00, Definition 2.7]
Given a K Hopf algebra H, a field extension L/K is said to be a H-Galois

extension if L is a H-module algebra and the map

j: L#H — Endgk (L),
j(s®k h)(x) =sh(x) Vs,x€ L heH

is an isomorphism of K-vector spaces.
v
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H-Galois extension of algebras

Definition 7

[KT81] Let R be a commutative ring, B an R-algebra with subalgebra
A C B. Let H be a finitely generated R-Hopf algebra coacting on B.
Then B is a H-Galois extension of A if

1. B is a right H-comodule algebra,
2. A={ac Blp(a) = u*(¢).a, V¢ € H*}. Thatis A= BH.

3. The left B-module homomorphism A : B®s B — B ®g H given
by A(x®y) = xy) @ y@ is surjective.

Example 8

Let L/ K be a finite extension of fields. Then set

R=K, A=K,B=1L,H=(KG)" in the previous definition.

If L/K is a Galois extension of fields, then it is a H-Galois extension of
algebras. Moreover, the map A is the dual map of ;.
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By a theorem 2.5 stated in [EN22], if a f.d. Hopf algebra H acts on a
division algebra Q then Q/QH is H-Galois iff rankgn @ = dimH.

We have H = QV, acting on (%’)

cgeVyo(m=m<= meQ
- () -
) =Q.

Moreover, rank<%>H (%’) = rankg (%n) =4 = dimH.

Thus (%’) /Q is a QV4-Galois extension.
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What can the arithmetic in the biquadratic field extension tell us about
the arithmetic in the quaternion algebra?

For example, in a biquadratic field extension L = Q(+/a, \/E) the ring of
algebraic integers O, is the maximal order in L.

- What happens to O; under the twisting operation?
- Is it closed under the x-product?

- If so, is the new order also maximal?
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Further questions...

- Twisting process is invertible.

- Given a quaternion algebra L = (aka) it's clear that V4 acts
covariantly on L. So L is a KV4-module algebra.

- If we apply the twisting process to this structure what is the
resulting twisted algebra?
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